We point out a reformulation of topologically massive gravity with negative cosmological constant as the sum of two Chern-Simons actions with complex conjugate gauge fields and complex conjugate coupling constants.
Introduction
Chern-Simons (CS) terms, both gauge theoretic and gravitational were introduced into physics in 1982 by Deser, Jackiw and Templeton [1, 2] , and since then have played various roles in physical and mathematical contexts. In these applications the gauge and gravitational fields that enter the CS expressions, as well as the various coefficients that determine the strengths of contributions, are taken to be real quantities (Hermitian field operators).
In this note we show that complex valued fields and coefficients (nonHermitian field operators) can be present in otherwise physically acceptable theories with a real (Hermitian) dynamics.
Topologically massive gravity
Our example is drawn from topologically massive 3-dimensional gravity with a cosmological constant determining an Anti-deSitter (AdS) geometry. The action in metric variables reads
We follow the conventions in [3] , with R = g βγ ∂ α Γ α γβ + . . . and
Without loss of generality we take positive ℓ and for sake of specificity also positive µ. (A similar analysis can be performed for negative µ.) We shall show that alternatively I can be presented in terms of complex CS terms, when µℓ > 1/2. To this end we first rewrite (1) in terms of Dreibein e a µ and spin connection ω and the 3-dimensional identity
we present the action (1) in first order form as
where
When the spin connection is expressed in terms of its dual a µ c
the action I takes the form
Here f βγ|a and CS(a) are the curvature and CS term associated with the connection a α a .
For the topologically massive gravity considered by [3] and described by (1), (2), the Christoffel connection is expressed by the usual formula in terms of the metric tensor, which is the fundamental variable. The formulation in (5)- (10) is equivalent provided the spin connection is expressed in terms of the Dreibein. Alternatively, (5)-(10) gives a first-order formulation, with spin connection and Dreibein presenting independent variables. But then the first-order theory describes an inequivalent dynamics, as was demonstrated in [4] and is also noted below.
Complex Chern-Simons terms
We now introduce new quantities A andÃ that continue to transform as connections and are given by
Here m and n are arbitrary, unequal quantities. (Up to rescalings of A,Ã (11) is the most general linear and non-singular transformation connecting A, A to a, e. A similar transformation, but in a different context and with real m = −n, was considered by Witten [5] .) Upon expressing I in (8) in terms of A andÃ, there arise terms depending only on A, terms depending only oñ A and also mixed terms in which both A andÃ are present. However, these mixed terms vanish (apart from surface terms) provided m and n are chosen to satisfy
and what remains is a superposition of two CS terms of the form (10), one with a replaced by A and the other with a replaced byÃ.
Equations (12) and (13) show that m + n and m · n must be real and positive. This is readily obtained with real and positive m and n. With this choice A andÃ remain real (Hermitian operator fields). However,
Thus, if µℓ > 1/2, m and n must be complex, with m * = n. Choosing m = ℓe iθ to satisfy (13) we obtain from (12) 1/µ = 2ℓ cos θ while (11) shows that A † =Ã. The CS representation of I now becomes
Each term is complex; the two are complex conjugates of each other so I remains real. Note that 1 µℓ = 2 cos θ (17) so now the region µℓ > 1/2 can be attained. Without loss of generality we can restrict θ to the interval (0, π/2). The boundary value θ = 0 is forbidden because it violates the inequality n = m, while the boundary value θ = π/2 leads to µℓ → ∞. For θ = π/4 we have µℓ = 1/ √ 2 and the coefficients in (16) are real
It has been argued by [3] that the quantum theory associated with (1) is defined only for µℓ = 1 (for a detailed study of this case see [6] ). This requires cos θ = 1/2, θ = π/3 and
We observe that the condition θ = π/3 can be reformulated in the following way: split A into Hermitian and anti-Hermitian parts,
reveals that the condition θ = π/3 is equivalent to requiring that the moduli squared of the coefficients in (22) must sum to unity. The present parameterization of I at µℓ = 1, θ = π/3,
casts no light on why this value for θ is required by Ref. [3] for the theory in I to be quantizable. In our formulation the two Chern-Simons terms CS(A) and CS(Ã) are disconnected from each other only if the fundamental dynamical variables are taken to be A andÃ or, equivalently, Dreibein and spin-connection, as in the first order formalism in (5) . Evidently the equations of motion then demand that the curvatures associated with A andÃ separately vanish. There are no propagating degrees of freedom and this is not topologically massive gravity, which is known to possess a propagating mode [1, 2] . On the other hand, if a higher derivative formulation is adopted with Dreibein as the fundamental variable, and the spin connection is constructed from it already in the action, then A andÃ are composites of the Dreibein. The two Chern-Simons terms are thereby entangled and one regains the theory considered in [3] .
